SAMPLE of Diploma Prep Materials - Math 30-1
Function Operations / Transformations I

Course weighting: 19% Approx. Number of Exam Questions: 8

1.1 — Operations on Functions
1.2 —Function Transformations

1.1 Operatlons on Functions 1.3 - Inverse Functions and Relations
i - Domain of a Function
.
For domain of a function we do not need to consider the graph.  www.rockthediploma.com
Ask: Are there any restrictions? @
That is, values of x that would resultin ....
O Dividing by 0 @® Taking the square © Taking the LOG of
root of a negative 0 or a negative

Example 1: Example 2: Example 3:

()—(x_l)(x+2) =V4-2 h(x) = log,(2x — 3

= he=2 g(x) = V4 - 2x (x) = log,(2x — 3)

Domain of f(x) Domain of g(x) Domain of h(x)

Try these... CT—

State the domain of each function Answers are on the top of the next page

1, ,_2x=5 2. p(x) = 2x2 — 3x 3., _X(x-2) 4. g(x)=Vax+1
y 4x + 3 y 4x2 + x
5. y=log,(x? 6. y=tan(6) 7. y=1log,(3—x) 8. y = 2x =5
4x% -3
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Domain answers from previous page Page 2

1. x % -3/4 2. xeR 3 x#0-1/4 4 x=>2-1/4 5 x#0 6 gxg/24nm;nel - x<3 8 x=+3/2

ii - Operations on Functions
P T

Functions (defined by equations, graphs, charts, etc) can be added, subtracted, multiplied, or divided. (Combined)

Answers for examples 1, 3, and 4 are on the top of the next page

Example 1: Given f(x) = x?2 —4and g(x) = x — 2, Example 2: Given the graphs of h(x) and k(x) below,
o determine a simplified expression for - sketch the graph of y = h(x) * k(x)

@ F-9x o Hw

15
il IV

J[ N

The domain of combined functions is like being a good host cooking a meal for two friends:

- One can’t have gluten } So your meal must honor both restrictions —
- The other can’t have meat | and not have gluten and not have meat!

Example 3: State the domain for y = h(x) * k(x), from example 2.

However when dividing, we have an additional restriction as the bottom function (denominator) can’t be zero.

Example 4: Given f(x) = x? — 4 and g(x) = x — 2, from example 1, state the domain of:

@ (=)0 ® (£) @ (%)

iii - Composition of Functions
P T

Suppose with have two functions in a kitchen.
'_” '_” So to prepare a cake, we’d first input the raw

W W ingredients in the mix function, that is, f(x), to the get
output “mixed ingredients”

Rule Rule

f(x): g(x):

Mixes Bakes

We’d then take that output and input them (mixed
ingredients) into the bake function, that is g(x), to the
C C get output “a baked cake”!

This entire, two-step operation can be expressed as g(f (x)) or alternatively g o f(x)

Note, this is clearly different than f(g(x)!

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.



Page 3
Example answers from previous page

Ex1(@) x2—x-—2 (b) x+2;x+2 Ex3 x>-2 Ex4 (a) x€R (b) x#2 (c) x #+2

The composition f o g as the combination of two machines.

x Ax) flawa) Here g(x) is the output of the g machine and
) o i g(x) is also the input of the f machine.
input output

Answers are on the bottom of this page
Example 1: Given g(x) = 2x — 2 and h(x) = x? determine

(@ g(h(3)) (b) ho g(0)

EXG’:#_”G 2 Given f(x) =vVx + 1, g(x) = 2x — 2 and h(x) = x? determine simplified expressions for
(@) g(g(x) (b) hofog(x)

To find the domain of a composite function, such as f o g(x), first find and simplify the composite function, and
then consider any restrictions. (Dividing by zero, square rooting negatives, etc)

Exar_n_ple 3: Given f(x) =Vx + 1, g(x) = 2x — 2 and h(x) = x? determine the domain of
(@ g(f(x) (b) feog(x) (c)hofog(x)

Example answers from this page
Ex1(d) 16 (b) 4 Ex2 (a) 4x—6 (b) 2x—1 Ex3 (a) x=>-1 (b) x=>1/2 (c) x=1/2

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.



Page 4
Practice Questions

» Function Operations and Transformations Question 1
Given functions f(x) = x?2 — 4 and g(x) = 2 — x, determine each function. (and label each graph)
(@) h(x) =f(x)—gx) (b) k(x) = % Also state domain

v
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(€) p(x) =feog) (d) F(F(0)

Function Operations and Transformations Question 2 (Extra Question)
Given functions f(x) = V3 — 2x and g(x) = 3x + 1, determine each function, and state the domain.

(a) g(x) (and state domain) (b) fog(x)

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.



o ° P 6
1.2 Function Transformations 2ge

Intro
i
f(x) can be transformed toy = af[b(x — h)] + k
Fill out the table:
Equation in terms of f Transformations (in words) Mapping Notation Replacements

A vertical stretch by a factor of %
about the x-axis

A reflection in the y-axis

A horizontal translation 3 units left

2y—6=f(—%x+8)

(xx,y) > (Bx+6,-y+2)

x = 4x
y—=>=y
x—>x—1
y—-y-—3
i - Horizontal and Vertical Translations
-
Translations involve adding / subtracting parameters.
y=fx) > y=fx-h)+k
Example 1: Example 2:
_— ¥ e
State the equation of g(x), in T Describe the horizontal and vertical translations
terms of f(x). as y = +/x istransformedto y =vVx +5+ 1

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.



ii - Reflections

In this course we consider three types of reflections:

Page 7

Vertical Reflections Horizontal Reflections Reflections About y = x
About the line y = 0 / aka x-axis About the line x = 0 / aka y-axis The inverse, x = [(y) y =
y y
\ Jy=reo el
y=Jjx y
y=f)
(3,1) y o ——— y = f(x) (4 2)
i > x S — A , x
6 6 -6 6
(3,-1) (- 1,}{2)
y =
6 6 67
Mapping Rule: Mapping Rule: Mapping Rule:
Invariant Point: Invariant Point: Invariant Point:
:‘\.? Key Concept — Given a function in the form y = f(x) with a horizontal or vertical reflection applied,
L& we can obtain the equation and graph.

Vertical Reflection (about line y = 0 / x-axis) & Replace "y" with " — y" and simplify

Example I: petermine the equation and graph of the function
f(x) = x? — 2x — 3 after reflection about the x-axis.

Horizontal Reflection (about x = 0/y-axis) & Replace "x" with " — x" and simplify

Example 2:  petermine the equation and graph of the function
f(x) = x? — 2x — 3 after reflection about the y-axis.

Inverse (reflection about the line y=x) < Interchange "x" and "y"

Example 3:  Determine the graph of the function
- f(x) = x? — 2x — 3 after reflection about the liney = x

f(x)=x*-2x-3

6
, (=1,0) 3o
;6 6
(0,-3) 2 -3)
1-9
-6

-6

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.
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iii - Stretches
i

VERTICAL STRETCHING HORIZONTAL STRETCHING
In general, for a function y = f(x) a vertical stretch

occurs when a function is multiplied by some value, "a".
(Or when y is replaced with iy) .
y= ) sy =af) B equation. A Y=
y=f(x) »>y=f(bx)

All points (x,y) - (%X, y)

y-intercept is ”‘ \

X invariant <

In general, for a function y = f(x) a horizontal stretch

1 nwoon . . n "o
factor ofz occurs when "x" is replaced with "bx" in the

All points (x,y) = (x,ay)
(x,y)

1 X
5 (_ X, O)
x-intercepts are b

invariant (+¢)

’%” times
further from y-axis

All points move

“ n

All points move “a” times
further from x-axis

Example 4:

Given a function f(x) = (x — 1)? — 4, determine both the
equation and the graph after a vertical stretch by a factor of 2.

-8

Example 5: y

T . ) 400
Given a functio@(x) = —(x + 6)(x + 3)(x — 9) , determine M'Ebg%ﬂmam

both the equation (unsimplified) and the graph after a horizontal 3004

stretch by a factor of 1/3. 1
200 - P

Example 6:

= y

Given a function g(x) = V3 — x, determine both the equation 9 5

and the graph after a horizontal stretch by a factor of 2.

_5:

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.
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Page 9

Note: Vertical Shifts / Stretches are “straightforward” Horizontal Shifts / Stretches are trickier
4 y=+x = y=+/x+7 Shift 7 units up oppsign> y =+/x = Yy =+/x +7 Shift 7 units left
\’ y = Vx - y = 4n[x Vertical stretch, Reciprocal @ Y = Vx - y =+V4x Horizontal stretch,
factor of 4 factor of 1/4

When applying two or more transformations to a function in the form y = af[b(x — h)] + k, we apply the
stretches / reflections FIRST, then apply any horizontal or vertical translations.

The order of transformations can be abbreviated SRT.
The mappingrule fory = f(x) - y =af[b(x —h)] + kis:

. 1
All points (x,y) - (Gx +h,ay+k) Note: ifaorbare <0, then a reflection also occurs

For example, the mapping rule for a function y = —3g[2(x + 1)] — 4 is:

. 1 . . . —
All points (x, y) - (Ex -1,-3y—-4) Vert!cal Reflection about the line y = 0 ...then shift 4 units down
Vertical stretch by a factor of 3

Horizontal stretch by a factor of 1/2 ‘ ..then shift 1 unit left

Practice Questions

» Function Operations and Transformations Question 5
Describe the transformations that occur fromy = f(x) toy = —f(x + 3) — 1. Then, determine the coordinates
of a point on f(x), P(3,9) using a mapping rule.

» Function Operations and Transformations Question 6

A function f(x), as shown, is reflected about the y axis, and at fix)
vertically translated four units down. www.rockthediploma.com /
a) State the domain and range b) State the equation of the resulting ., , (2, ,1) -
of the resulting function. function, in terms of f(x) 1 X [ I ?

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.
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3.3 Laws of Logarithms e

Laws of Logarithms &~ The first two log laws are typically used to either:
o [Ogb(iw % N) =log,M + log,N * Write two or more log terms as a single log
log20 + log50 = log(20*50)
® log,( 47 M ) =logyM —log,N = 10g(1000)
N
=3
or e Spli ]
© logb(.M") = nlog,M Split up a log term into two or more logs
_log,c log, (g) = log,x — log,8
[Dg a & Change of base — _
b€ ID_,ab identity lo‘qzx 3
¥ The third log law is often used Or, * To evaluate log expressions:
* As a first step in writing expressions as a single log: If logsx = 7, evaluate logs x> logsx® = 3logsx
2logx — 3logy Given — this
= logx? — logy? is “7”
l x? =3(7)
= log— —
y? 21

The Change of Base ldentity

Laws of Logarithms .
f Log Says: Any log expression can be

logb( M x N_) =log,M + log;, N written using any other base!
M | 09264 €6
loﬁb( N) logyM — log,, N Example: base! log,64 can be written —— 00,4 )
" This is “3” L_Y_J
logb(_M ): nlog, M Also “3”
log,c = log,c Even better than re-writing log,64 in base 2 is ’_‘lagcﬁ-%flc-g(q-)
" log,b using the calculator default — base 10: 3
Practice Questions
» Exp. Functions and Logs Question 18:
Write as a Single Log and Then Evaluate: (a) Evaluate by writing as a single log: log40 + log500 — log2
< log,6 —log,4 +log,18
] 6 %18
= lo
95
= log;27 » =3

Ans: 4

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.
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Write as a Single Log and Then Evaluate:

.0 1 — 1
* 3 log 175 z log.7

1 1
= logs(175)2 — logs(7)?

(b) Evaluate by writing as a single log: %l0g3 144 — logs;4 + 2log;3

1 1
_ (175)2 _ 175)z2
= logs - 2> = logs( - )
1
= logs(25)2
=2logs25 »>=5(2) »>=1 Ans: 3
Write as a Single Log: (c) Write as a single log: 2logA + ilogC — (2logC — 3logB)
% 3logsza + 2logsb — (% logzc + logsa)
1
= logs;a® + log;b?* — logscz — logsa
There are four Positive log terms, ship the “a3”
log terms here,  and “b2” to the top. (Negative
log terms, the bottom)
a3h?
= logs “i7a,
azb2 A2B3
= log; Je Ans: logm
c
% If logl7 = k determine and expression for | (d) If log8 = /m determine an expression for each of the following:
each of the following: (i) logB800 (i) logv512
(a) log170 (b) log1.7>
=log(17 = 10) = 2log1.7
= log17 + log10 = 2log%
=k+1 = 2(log17 — log10)
=2(k—1) () m+2 (i) im

% Iflog,4 = x, express log, 64 in terms of x:

log,64 = log3(43)
= 3log;4

= 3x

(e) If log, 9 = x, express each of the following in terms of “x”:

(i) log,162 (i) log, %9

D 2x+1 (ii)3x —%

% Iflog,x = 8, evaluate log,(9x)

log,(9x) = log,9 + log,x
=248
=10

(f) If logs x =2, evaluate each of the following:

2

. ) X
(i) logs 5x° (i) log, P

@7 (i) 2

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.
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3.4 Exponential and Logarithmic Equations

i - Solving any Exponential Equation

Using logarithms provides a method to solve any exponential equation.

=>» Some exponential equations can be solved by equating the bases

Provided re-writing in the same base is possible...

2—3

Example: 2% 1 == & 2*7!
8 -3 x=-2

x—1

=> ALL exponential equations can be solved by “logging both sides” / using the log law log,M"™ = nlog,M

Example: Solve 3(2)*™! = 120 (nearest hundredth)

Solve by LOGGING BOTH SIDES
(2)*"1 = 40

O Isolate power term
(Divide both sides by “3”)

© LOG BOTH SIDES (base 10)  109(2)*~! = log40

Solve by CONVERTING TO LOG FORM
(2)* 1 =40

O Isolate power term
(Divide both sides by “3”)

@® CONVERT TO LOG FORM log,(40) =x—1

© Use log law: (x — Dlog2 = log40 © Use change of base: log(40) — 1
n _ log,c
logyM™ = nlog,M log40 R, c = l gab log(2)
x—1= 09a log40
@ Now that “x” is out of the log2 X = log?2
exponent, isolate ~
X~ 6.32 x~6.32
L J
Note that this equation can be verified numerically: ... Or graphically:
3(2)6-32—1 & Substitute x = 6.32 into the left M:,I‘:EE'EE -ia
side of the equation, works out to Aamax=1a
B.5z-1 close to 120. (the right side) ﬁf-'? 1=3
min=-18 1
39, 94657706
Arns+3

119, 8397327

... Or for the especially bold by using the “solve”
feature of your calculator

CATALOG
0

saluel 3z -1 zar CATALOG
&.3F219223095 bsolued
SartAC
x-1 10 EE;ﬁE%mr
solve(3 * 2*7*, x,10) g e
StoF
StoreGk0E

Equation must be set

to “0% input the Left

Side Solving for x  This number is a “guess”,
only relevant if there is more
than 1 solutions

!

n=A.3F18z281 1v=izn

~HeElz2e
wME=

&
Yraax=13A
Yacol=1
L¥res=
Flotl Florz F1of2
S ESc st InEzFEe<hion

Graph either y, = left side , y,= right side
and get the point of intersection

(Although you don’t need to actually see the point of
intersection, you’ll have to make the y-max at least
120 if you want to!)

OR, first set the equation to “0”, graph
y; = 3% 207D — 120 and get the zero

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.
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Practice Questions

» Exp. Functions and Logs Question 28:

Worked Example... You Try... (State answers as exact values, and to the nearest hundredth)
3(2)*1 =120 1 2x+1
(& (@) (12> =3
(21 = 40

log(2)*~! = log40
(x — Dlog2 = log40

10g40
_ 9 x~6.32
log2 6.93

x—1

8> =37+ (b) 2%**3 =17% (Extra Question)
log 8% = log37*~*
2xlog8 = (x — 4)log37
2xlog8 = xlog37 — 4log37
Group the terms with “x” on the
same side, then factor out
4log37 = xlog37 — 2xlog8
4log37 = x(log37 — 2log8)

4log37

log37—210g8=x »x~ —26.36 0.97

The half-life of a particular substance is 45.2 years. » (c) A particular substance is decaying exponentially so
If there was initially 4.6g of the substance, find how | that only 10% of the original amount remains after 22.4 hours.

long it would take for the substance to decay to 1g. | Find the half-life of the substance. (Nearest tenth)
(Nearest tenth) .
Usey = ab? Think? Are you given “p”? (the
1 doubling period / half-life), or do
19 = 4.6g(§)m you want p?

= Here we are GIVEN p!

1 1 ¢
— = (=)352 the half life is 45.2 years,
16 (2) ( If life years)
1 1t www.rockthediploma.com
tog ;) = tog |2

109 (55) = 755109 3)
°9\46) T 252°°9\2

_ 45.2log(1/4.6)
" log(1/2) t=~99.5yrs 6.7 hrs

An investment of $5000 is compounded annually at » (d) A particular city has a population of 25 400 and is

a rate of 3.25%. Algebraically determine the length | decreasing exponentially at a rate of 1.6% per year.

of time it would take for the value of the investment | Algebraically determine the amount of time it would take for

to reach $10000. (Nearest tenth) the population to reach 20 000. (Nearest tenth)
Usey = abt
10 000 = 5 000(1.0325)*
10 000
5000
log(2) = log1.0325*
log(2) = tlog1.0325

log?2
t=logiozzs t=21.7 yrs 148 yrs

= (1.0325)¢

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.



ii - Logarithmic Equations
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i

There are two types of logarithmic equations we need to be concerned with, with two methods to solve:

Simplify with log laws (if necessary) and then

drop the logs

Combine term on left side

using the first log law

Drop the logs!

Factor to solve

x> —2x=3
x> —2x—-3=0
x=3)(x+1)=0

log;x +log,(x —2) = log,3
log,[x(x — 2)] = log,3

x=3 or =<

x = —1 is extraneous as we must

“throw out” any solutions which
would have us logging negatives

Solve graphically!

y1 =log(x) +log(2) + log(x — 2) + log(2)
y2 =log(3) +log(2) 2>

Simplifying by log laws (if necessary) and then
converting to exponential form
log;x +log,(x—2)=3
Convert to exponential form log,[x(x —2)] =3
23 =x?—-2x
0=x2-2x-8
0=x—-—4)(x+2)

X=4 or ><2

x = —2 s extraneous

1

Interieckion
H=3

¥=1.5B49625%

» Exp. Functions and Logs Question 29: Use an algebraic process to solve each equation for x.

(@) logz(x+ 1)+ 3logz2 = %log3144

Exp. Functions and Logs Question 30: (Extra Question)
(b) log,(x —5) +log,(x —2) =2

E) Exp. Functions and Logs Question 31

A student is asked to solve the equation

Agxix+1)

(b) logsx —logs(x —2) =3

(b) logs(x +5) —logs(x +1) = logs(3x)

12 (=5 o ,
SED - 25"~ using an algebraic process.

She is able to simplify the equation to the form 3x” + bx + ¢ =0.

Diploma
Example

A,

The value of ¢ is

Al

B. 9
C. 14
D. 40

This document has been produced by RTD Exam Prep. “Diploma Examples” have been obtained from the Alberta Education website.
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Step-by-step solutions provided
Unit 4 — Radical and Rational Functions

Question 2
Graph is shifted 4 units left and 1 unit down. (From graph of

= V%)

So equationisy = /b(x + 4) — 1. Use any point (other than the

“starting point”) to solve for b. I'll use the point (-2, 0)...
Answer:

page 8
Question 6

Function y = V16 — x? has a domain of {—4 < x < 4}. (Defined
where f(x) = 0; that is, where the graph of f(x) is on or above the x-axis)
Therangeis {0 < y < 4}

The invariant points are where flx)=—x>+16

f(x) = 0 = At (-4,0) and (4,0)
...0r where f(x) = 1:

0=b(-2+4)—-1 —x?+16=1
1 =,/b(2) square both sides y= ,fo‘ Sx+4)-1 15 = x? ¥y =4/f(x)
1=2b *Make sure the “x+4” is in x = +V15 (V15,1)
b=1/2 brackets. Can you see why? Points are:
www.rockthediploma.com (=y/15,1) and (/15,1)
Question 8
(@) k>1 b) k=1 (© 0<k<1 Question 9

Suchas f(x) = x* + 2

Suchas f(x) =2x2+1 Suchas f(x) = x?
y y

Invariant points occur where

fx)=0orf(x) =1.

(Since we are transforming fromy = f(x)

toy =/f(x) and0 =0,V1=1)

So, draw to horizontal linesat y = 0

+0.5

/

b o

(d) k=0 Suchas f(x) = 3x?

(e) k<0 Suchasf(x)=x2-1

and y = 1, there are
FOUR invariant points. ANS: (D)
Range of f(x) is (—o0, 8]. So range of}/f (x) i

Question 12 _ .
Verify on your graphing calc...
Asymptotes are shifted 1 left, 2 down. So WIHOOL Note: This equation,
. . a . Hin= -2 Flotl Flokz Fletz 3
equation formisy = — — 2. Use any point on HE;Q—E WYESA L -2 y= )
- b= - : :
the graph, such as (0, 1), to solve for “a”. Hecl=1 x+1 Notice that the ratio of
Vmin=-9 [ M=Rse-z Can be simplified... the lead coefficients
=—— '1"['1-3}{36 (horz. asymp.) Is “-2”1
0+1 wzcl=1 _ 3 2(x+D

3_a = — Hres=1 Y x+1 x+1

1 x+1

. j IR R 3
a= 4= v=1 e Y="%+1
Question 15 www.rtdmath.com

_ x¥3 _ . A x(x=4) x H.A. aty = 1..same degree top

(@) y= (r—5)cer3) >y= a5’ X #—3or5 (b) y= (7_1)(%;4) Y =73 X # 10r4/angbottom so ratio of lead

Domain: {x # —3 or 5} Range: {y # 0 or — %} Doma

Discontinuities: VA at x = 5 (factor doesn’t can

)
PD at x = —3 (factor cancels)

x-intercept: none y-inte
For y-coord of PD,

y-intercept: —%

Setx=0iny = ﬁ substitute -3 into y = ﬁ

X x-intercept at 1/2
Question 16 (b)

(factor must be on top only)
_ (2x+1)(x-3)

x(x-3) \’\

PD.atx =3
(factor must cancel out)

VA.atx =0
(factor must be on bottom
only — doesn’t cancel)

Discontinuities: VA at x = 1 (factor doesn’t ca

)

- 1x
coefficients! (-
4 1x—-1
in: {x#1or4} Range: {y #1 or;}
el)
PD at x = 4 (factor cancels)

rcept: 0 x-intercept: 0

X

For y-coord of PD,
Setx=0iny = vy Y f

substitute 4 into 'y = ﬁ

ALSO NOTE:
The graph has a H.A. at y = 2, which means that
the ratio of the lead coefficients must be 2.

Which we do have here > “2x?” on top (when
expanded out), and “x?” on the bottom. (2/1 =2)

This document has been produced by RTD Learning — www.rockthediploma.com
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